In this paper we explore the relations between the Hochschild cohomology of an algebra over some field and the Hochschild cohomology of its smash product with a finite group. Basically we are concentrated on the case where the group under consideration is an extension of a cyclic p-group by some p ′ -group, where p is the characteristic of the ground field.
Introduction
Hochschild cohomology is a very important derived invariant of an algebra. It contains many important information about its derived category. It is also related to various properties, for instance it is connected with its simple connectedness, the fundamental group of a presentation etc. In the commutative case it tells a lot about the smoothness. It is also important to know how the Hochschild cohomology of related algebra are related. This work looks at some aspects of such relations, namely, at the relation between the Hochschild cohomology of an algebra with a group action and of its skew group algebra.
Let A be a finite-dimensional unital algebra over a field k and G be a finite group acting on A. Then we can define a smash product of A and kG (sometimes it is called a skew group ring), which is denoted by A#kG. Let M be an A#kG-algebra. It is well known that in this case G acts on HH * (A, M). Moreover, there is a spectral sequence of algebras
If char k does not divide |G|, then this sequence gives an isomorphism of algebras HH * (A, M) G ∼ = HH * (A#kG, M). All these facts were proved in many works, see, for example, [1] , [2] , and [3] .
The facts mentioned above give a good relation between the Hochschild cohomology of A and the Hochschild cohomology of A#kG in the case where the group algebra kG is semisimple. On the other hand, there is no good connection in the p-modular case. Among works in this direction the work [5] have to be mentioned. Its authors construct a bimodule projective resolution of A#kG using bimodule projective resolutions of A and kG satisfying some properties. The authors of [3] do the same using a bimodule projective resolution of A and a kG-projective resolution of a trivial module. They use this construction to obtain a spectral sequence connecting the Hochschild homology of A and A#kG. In this paper we use a similar construction to explore the Hochschild cohomology.
An attempt to obtain some results in the p-modular case was made by the second author in [4] . The results obtained there do not give a good general answer, but they allow to connect the Hochschild cohomology of A and the Hochschild cohomology of A#kC 3 for some specific algebra A over a field of characteristic 3.
This work was motivated by the following situation. Let R be an algebra, T R be its trivial extention by DR and R n be an algebraR/ν n ∞ , whereR is a repetetive algebra of R and ν ∞ its Nakayama automorphism. Then it is well known that T R is Morita equivalent to R n #kC n , where C n is generated by a Nakayama automorphism of R n . To see this one can apply the duality theorem of Cohen-Montgomery (see [10] ) to the fact that R n is a smash product of T R with the cyclic group C n . Using results of [6] we see that any Nakayama automorphism acts trivially on Hochschild cohomology with coefficients in the regular module and so HH * (R n ) is a subalgebra of HH * (T R) if char k ∤ n. So the description of HH * (R n ) can be easily obtained from the description of HH * (T R). The examples which we know indicates that almost same fact has to be true in the case char k | n. This motivates us to study this case and obtain a desirable result (see Theorem 14.4) .
We recall that an algebra B = A/I is called a singular extension of A by I if I 2 = 0. The current work is mainly devoted to the case where G is a trivial extension of a cyclic p-group by some p ′ -group, where p = char k. Moreover, the most powerful results were obtained in the case where the spectral sequence mentioned above is (3, 2)-degenerated, i.e. its third page has only two nonzero columns. In the most general terms, our result in this case is as follows. There is a subalgebra A
Hochschild cohomology
In this section we recall the definition of Hochschild cohomology and related notions. All algebras in this paper are unital over some fixed field k. We write simply ⊗ instead of ⊗ k . All modules in this paper, if otherwise is not stated, are left modules and we will denote by ModA the category of modules over the algebra A.
Definition 1 (Complexes).
An A-complex is a Z-graded A-module P with a differential of degree −1, i.e. an A-module P with some fixed A-module direct sum decomposition P = ⊕ n∈Z P n and an A-module homomorphism d P : P → P such that d P (P n ) ⊂ P n−1 and d
The n-th homology of P is the vector space H n (P ) = (Ker d P,n )/ (Im d P,n+1 ). An A-complex P is called acyclic if H n (P ) = 0 for all n ∈ Z. A morphism of A-complexes is a homomorphism of A-modules that respects the respective grading and differential. A complex is called positive if P n = 0 for n < 0.
If P is a complex, then we denote by P [t] the complex, which equals P as an A-module, with grading P [t] n = P t+n and differential defined as
Given an A-complex P and M ∈ ModA, Hom A (P, M) denotes the k-complex
an A-resolution of M is a pair (P, µ P ), where P is a positive A-complex. and µ P : P 0 → M is a homomorphism of A-modules, which induces an isomorphism H 0 (P ) ∼ = M.
From now on if A is an algebra we denote by µ A : A ⊗ A → A the multiplication map.
Given an algebra A, we denote by A e the algebra A ⊗ A op , which is called the enveloping algebra of A. Let Bar(A) be the positive A e -complex with n-th member Bar n (A) = A
⊗(n+2)
for n 0 and the differential d Bar(A) defined by the equality
for n > 0 and a i ∈ A (0 i n + 1). Then (Bar(A), µ A ), is a projective A e -resolution of A, which is called bar resolution.
Definition 2 (Hochschild Cohomology). The Hochschild cohomology of the algebra A with coefficients in the A e -module M is the homology of the complex C(A, M) = Hom A e (Bar(A), M).
We write
. From now on we write C n (A) and HH n (A) instead of C n (A, A) and HH n (A, A) respectively. It follows from the definition that HH n (A, M) = Ext n A e (A, M).
Tensor Product of Complexes, Cup Products
We continue by defining tensor product of complexes and various ways cup products, which are graded algebra products on the cohomology. Let HH * (A, M) denote the direct sum ⊕ n 0 HH n (A, M).
Definition 3 ( A-algebra). If M is an A-bimodule and there is an A-bimodule map, M ⊗ A M → M, which defines a k-algebra structure on M, then M will be called an A-algebra.
If M has a unity, then 1 M ∈ C 0 (A, M) is a unity for the multiplication ⌣. In this case ⌣ induces a graded k-algebra structure on HH * (A, M)
This product is know as cup product.
Definition 5 (Tensor Product of Complexes).
Given M an A op -complex and N an A-complex, we define the tensor product complex M ⊗ A N by the equality
Definition 6 (Comultiplication on a Projective Resolution). Given a projective A eresolution (P, µ P ) of A, a morphism ∆ P : P → P ⊗ A P of A e -complexes will be called a comultiplication on P if µ A (µ P ⊗ µ P )∆ P = µ P .
If (P, µ P ) is a projective A e -resolution of A, ∆ P is a comultiplication on it, and M is an A-algebra, then we can define a map
by the equality f ⌣ ∆ P g = µ M (f ⊗g)∆ P . This multiplication induces a well defined product on HH * (A, M), which coincides with the cup product ⌣. Note also that the bar resolution of A admits a comultiplication ∆ defined by the equality
Note also that the multiplication ⌣ ∆ on C(A, M) coincides with ⌣ and that
Group Cohomology
In this section we review some facts on group cohomology. Most of the facts stated here can be generalized for the setting of Hopf algebras.
Let G be a group. For M, N ∈ ModkG we define the kG-module structure on M ⊗ N and Hom k (M, N) by the formulas N) and α ∈ G. For α ∈ G we denote by p α ∈ kG * the map such that p α (α) = 1 and p α (β) = 0 for β ∈ G \ {α}.
We define next a special kG-projective resolution of the trivial module k. Which we will denote by Bark. Since k can be considered as an algebra, there are two distint objects, which are denoted by Bark, nevertheless there will be no confusion, since, in this paper, Bark will always have the meaning below.
Definition 7 (Bar Resolution of the Trivial Module, and Group Cohomology). The bar resolution (Bar(k), α∈G p α ) of the trivial kG-module k is the projective resolution defined in the following way. Its n-th component is
for n > 0 and α i ∈ G (0 i n). The cohomology of the group G with coefficients in the kG-module M is the holomogy of the complex C(G, M) = Hom kG (Bar(k), M).
. Let A be some k-algebra and G be a group. We say that G acts on A if we fix some group homomorphism η : G → Aut k (A). For an action of a group G on an algebra A, we write α a instead of η(α)(a) for α ∈ G, a ∈ A. Note that any vector space can be equipped by trivial multiplication and so we define what is an action of a group on a vector space. If a group G acts on some vector space V , then
This product determines a well-defined product ⌣ on H * (G, M) Let (Q, µ Q ) be a kG-projective resolution of k and M be a kG-module, a morphism ∆ Q : Q → Q ⊗ Q of kG-complexes will be called a comultiplication on Q if it satisfies the equality
Assume that G acts on an algebra M. Then we can define a map
. This map induces a well defined product on H * (G, M), which coincides with the product ⌣. Note that if we have a nonassociative multiplication on M (but such that the multiplication by α is an automorphism for any α ∈ G), then we still can define the map ⌣ ∆ Q on Hom kG (Q, M) and H * (G, M). In this case the obtained algebra will not be associative, but the algebra structure on H * (G, M) still does not depend on the choice of Q and ∆ Q .
Note that the bar resolution of k admits a comultiplication ∆ defined by the equality
It is clear that the map ∆ induces a map ⌣:
Note that analogously we can define an H * (G, k)-module structure on H * (G, M) for any kG-module M. By the Golod-Venkov-Evens theorem (see [7] , [8] and [9] ) if |G| < ∞, then the algebra H * (G, k) is finitely generated and for any finitely generated kG-module M the
is finitely generated.
Smash product
In this section we recall some results on the smash product. In this paper there are two situations where it appears, which are, as actions of groups associated with the group algebra and as G-gradings associated with kG * . Let H be a bialgebra with the counit ǫ : H → k and the comultiplication ∆ : H → H ⊗H. We use the standard notation for the comultiplication ∆(h) = (h) h (1) ⊗ h (2) .
Definition 8. The unital algebra A is an H-module algebra if there is a map
Definition 9. Let A be an H-module algebra. We define the smash product A#H in the following way. The algebra A#H is isomorphic to A⊗H as a vector space. The multiplication of the elements a ⊗ α, b ⊗ β ∈ A#H is defined by the formula
From now on we write aα instead of a ⊗ α. Example 1. Let H = kG for some group G. In this case an H-module algebra structure on A corresponds to a G-action. We write simply AG instead of A#kG. Then ∆(α) = α ⊗ α and the multiplication on AG is defined by the formula
We say that A is G-graded if there is some direct sum decomposition A = ⊕ α∈G A α such that A α A β ⊂ A αβ for all α, β ∈ G. In this case a α (a ∈ A, α ∈ G) denotes the image of a under the canonical projection from A to A α . Example 2. Let H = kG * for some finite group G. In this case an H-module algebra structure on B corresponds to a G-grading. We write simply BG * instead of B#kG * . The elements p α (α ∈ G) constitute a basis of kG * . Moreover, ∆(p α ) = β∈G p αβ −1 ⊗ p β and the multiplication on BG * is defined by the formula
Definition 10 (Graded Bimodule, Homomorphism of Graded Bimodule). Let B be a G-graded algebra. We say that a B-bimodule M is G-graded if M is equipped with a direct
A homomorphism of G-graded bimodules is a homomorphism of bimodules that preserves G-grading.
A resolution (P, µ P ) of B is called a G-graded projective resolution if each bimodule P i is equipped with a G-grading in such a way that the differential d P and the map µ P are morphisms of G-graded bimodules. For example, Bar(B) becomes a G-graded resolution of B if we define (B ⊗(n+2) ) α as the space generated by such a 0 ⊗ · · · ⊗ a n+1 that a i ∈ B α i and α 0 . . . α n+1 = α.
Definition 11. Let B be a G-graded algebra and M and N be G-graded B-bimodules, we define Hom B e (M, N) 0 as the vector subspace of Hom B e (M, N) consisting of grading preserving homomorphisms, i.e. {f ∈ Hom B e (M, N) | f (x) α = f (x) for any α ∈ G and any x ∈ M α }. We also define a complementary subspace Hom B e (M, N) 1 as the set {f ∈ Hom B e (M, N) | f (x) α = 0 for any α ∈ G and any x ∈ M α }.
The following equality holds:
Let us fix G-graded projective bimodule resolution (P, µ P ) of B. Let Hom B e (P, B) k denote ⊕ i 0 Hom B e (P i , B) k for k = 0, 1. Then it is easy to see that there is a direct sum decomposition
Hom B e (P, B) = Hom B e (P, B) 0 ⊕ Hom B e (P, B) 1 of complexes. It defines a decomposition HH
It is easy to see that this decomposition does not depend on the choice of G-graded resolution.
Moreover, it is clear that we can construct a comultiplication ∆ P on P that at the same time is a morphism of G-graded bimodules. Then the algebra Hom B e (P, B) 0 turns into a subalgebra of Hom B e (P, B) and HH * (B) 0 turns into a subalgebra of HH * (B). Moreover, Hom B e (P, B) 1 is a Hom B e (P, B) 0 -bimodule and HH * (B) 1 is a HH * (B) 0 -module. Let A = BG * . In this case there is a natural G-action on A defined by the equality
The algebra AG has a canonical G-grading defined by the equality (AG) α = Aα for α ∈ G. It is well known that AG is Morita equivalent to B (see [10] ). This equivalence can be defined in the following way. Firstly, by results of [10] we have A ∼ = p 1 AGp 1 . It is easy to see that it turns into isomorphism of graded algebras if we define ( 
The Morita equivalence between the algebras above were generalized in the setting of k-categories with group actions, in [11] .
G-action on Hochschild complex
In this section we work with some fixed algebra A equipped with an action of the group G. In particular, A and A e are kG-modules. Note also that Hom
There is an inclusion of algebras φ :
for α ∈ G, x ∈ M. In this case, the inclusion above defines by restriction of scalar an A e G-module structure on M, which is given by the formula (a ⊗ b)αx = a α xb for a, b ∈ A, α ∈ G and x ∈ M. Note also that A is a left A e G-module with multiplication defined by the formula (a ⊗ b)αc = a α cb for a, b, c ∈ A and α ∈ G. If M is an A e G-module and N has a structure of kG-module, then we define the A e G-module structure on M ⊗ N by the equality aα(x ⊗ y) = (aαx) ⊗ (αy) for a ∈ A e , α ∈ G, x ∈ M, y ∈ N. At the same time, if M is a left AG-module and N is a right AG-module, then for any vector space V we define the (AG) e -module structure on
Definition 12 (A e G-module Algebra). An A e G-module M will be called an A e G-module algebra if M is a kG-module algebra and A-algebra at the same time.
Let M be in ModA e G. Then C n (A, M) is equipped with a kG-module structure described above.
Let us recall now some results of [4] . Firstly, the kG-module structure on C n (A, M) induces a G-action on HH * (A, M). In addition, if there is an algebra structure on M such that it becomes an A e G-module algebra, then we obtain G-action on the graded algebras (C(A, M), ⌣) and (HH
G , whose homology we denote by HH
G↑ is a graded k-algebra and there is a homomorphism of algebras Θ
Let now (P, µ P ) be an A e -projective A e G-resolution of A. Then Hom A e (P, M) is a kGcomplex, in this case we get a G-action on HH n (A, M) which coincides with the action defined above by [4, Lemma 2] .
Consider next the complex Hom A e G (P, M). Let
Note also that for m 0 we can apply the functor H m (G, −) to the kG-complex Hom A e (P, M). We denote by HH n (A, M)
e G-module algebra. Assume additionally that there is a comultiplication ∆ P : P → P ⊗ A P , which is a morphism of A e G-modules. Then we have a map
. If the maps (∆ P ⊗ Id P )∆ P and (Id P ⊗ ∆ P )∆ P are homotopic as morphisms of A e G-complexes, then the map
It is clear that if P is an A e Gprojective resolution of A, then the map ∆ P exists and induces a well-defined product on HH * (A, M) G↑ P . Moreover, in this case any comultiplication on P , which is a morphism of A e G-modules, defines the same product on HH * (A, M) G↑ P . We can see that for any A eprojective A e G-resolution (P, µ P ) of A and any comultiplication ∆ P the map Θ G P,M is a homomorphism of graded algebras (one of which can be nonassociative in general).
Usually the role of M is played by A or AG. It is well known that HH * (A) is a graded commutative algebra. The next result shows that this is not true for HH * (A, AG) in general. On the other hand, we will show that the algebra HH * (A, AG) G is graded commutative. Note that there is a direct sum decomposition HH * (A, AG) = ⊕ α∈G HH * (A, Aα).
Lemma 5.1. Letf be an element of HH i (A, Aα) andḡ be an element of HH j (A, Aβ), where i, j 0, α, β ∈ G. Then the equalitȳ
is satisfied in HH * (A, AG).
Proof. The proof, in fact, is analogous to the proof of [12, Theorem 3], we give it here for the sake of completeness. Let f ∈ C i (A, Aα) and g ∈ C j (A, Aβ) be the elements representingf andḡ correspondingly. Note that g(X)β −1 lies in A for any X ∈ A ⊗n and so we can define the elements f • n g ∈ C i+j−1 (A, Aαβ) (1 n i) by the equality
Let now apply δ i+j−1 AG to the element f • g:
Thus, the lemma is proved.
Corollary 5.2. HH * (A, AG) G is a graded commutative algebra.
In this section we explain how the (AG) e -projective resolution of AG can be obtained from A e G-projective resolution of A. Also it is noted above that there is a homomorphism of algebras φ :
e an A e G-projective module and induces a forgetful functor from Mod(AG) e to ModA e G, for which there is a left adjoint functor T = (AG) e ⊗ A e G −. So we have natural isomorphisms
for all M ∈ Mod(AG) e and N ∈ ModA e G.
Lemma 6.1. Let (P, µ P ) be an A e G-projective resolution of A. Then TP is an (AG) eprojective resolution of AG. In particular, the map χ P,M induces a bijective mapχ P,M : HH * (A, M) G↑ P → HH * (AG, M) for any AG-bimodule M. Moreover, if M is an AG-algebra, thenχ P,M is an isomorphism of graded algebras.
Proof. It is clear that the functor T is exact and sends projective A e G-modules to projective (AG) e -modules. So it remains to prove the last assertion. Let ∆ P : P → P ⊗ A P be a comultiplication, which is a morphism of A e G-modules. Let ψ : T(P ⊗ A P ) → TP ⊗ AG TP be defined by the equality
for a, b ∈ AG and x, y ∈ P . Then we can define a comultiplication ∆ TP by the equality ∆ TP = ψT∆ P . Note that for x ∈ P , a ∈ (AG) e and f ∈ Hom A e G (P, M) we have χ P,M (f )(a⊗ x) = af (x).
Let us prove that
For a, b ∈ AG and x, y ∈ P we have
and
Then we have
Definition 13. We call the A e G-module P almost A e G-projective if the module P ⊗ kG is A e G-projective.
It is clear that a module P in ModA e G is almost A e G-projective iff P ⊗ Q is A e Gprojective for any kG-projective module Q. Note that for any kG-module M the module A e ⊗ M is almost A e G-projective. In particular, the bar resolution of A is almost A e Gprojective, because A ⊗(n+2) ∼ = A e ⊗ A ⊗n as A e G-module. The next lemma can be found in [13, Proposition 1.7]. Lemma 6.2. Let G be a finite group and A be a kG-algebra. Then the following statements are equivalent: 1. A is kG-projective; 2. there is such a ∈ A that α∈G α a = 1 A ; 3. A is AG-projective. Corollary 6.3. Let G be a finite group and A be a kG-algebra. If A is a kG-projective module, then the bar resolution of A is an A e G-projective resolution.
Proof. Since A is kG-projective, A e is kG-projective too. So A e is a projective A e G-module by Lemma 6.2. So Bar n (A) ∼ = A e ⊗ A ⊗n is A e G-projective.
If |G| < ∞ and A is a projective kG-module, then it follows from Lemma 6.1 and Corollary 6.3 that there is an isomorphism of graded spaces χ Bar(A),M : HH * (A, M) G↑ → HH * (AG, M) for any AG-bimodule M. Moreover, χ Bar(A),M is an algebra isomorphism if M is an AG-algebra.
7 Constructing spectral sequences from the zero page Let (P, µ P ) be an almost A e G-projective resolution of A and (Q, µ Q ) be a kG-projective resolution of the trivial kG-module k. Then P ⊗ Q is an A e G-projective resolution of A by the arguments above. We can compute the Hochschild cohomology of AG with coefficients in an (AG) e -module M using the complex Hom A e G (P ⊗ Q, M) accordingly to Lemma 6.1.
Definition 14.
A double A-complex is a Z × Z-graded A-module P with two differentials of degrees (−1, 0) and (0, −1), i.e. an A-module P with some fixed A-module direct sum decomposition P = ⊕ (n,m)∈Z×Z P n,m and A-module homomorphisms d
The totalization of P is the complex Tot(P ), which equals P as A-module, has grading Tot(P ) n = ⊕ i+j=n P i,j and differential
As a tensor product of complexes P and Q the complex P ⊗ Q is a totalization of the double complex B, whose (i, j)-member is B i,j = P i ⊗ Q j and differentials are defined by the equalities d
Aplying the functor Hom A e G (−, M) to the double complex B we obtain the double complex Hom A e G (B, M) whose totalization is isomorphic to Hom A e G (P ⊗ Q, M). As any double complex Hom A e G (B, M) has two filtrations: column filtration and row filtration. Correspondingly we obtain two spectral sequences. Let 
The zero page of I E is defined by the equality
M). There are natural isomorphisms
defined by the equality (φ i,j f )(x) (y) = f (y ⊗ x) for f ∈ Hom A e G (P j ⊗ Q i , M), x ∈ Q i , y ∈ P j . Because of that one sees that the first page is M) ) and the second page is
Since spectral sequence of double complex converges to the homology of its totalization, we obtain that
This fact is well known, its analogues can be found in [1] , [2] or [3] . Note that the authors of [3] use similar constructions to the ones we make here. Let now consider the sequence II E that is obtained from the filtration
The zero page of II E is defined by the equality
It is clear that
If Hom A e (P, M) is a kG-projective module, then II E i,j 2 = 0 for j > 0 and this means that any element of HH n (A, M)
can be represented by an element of Hom A e G ((P ⊗ Q) n , M), which equals 0 on P i ⊗ Q j for j > 0. In particular, we obtain that Θ
G is an isomorphism if Hom A e (P, M) is a kG-projective module. Note that Hom A e (P, M) can be kG-projective even if P is not A e G-projective. For example, it is so if P is the bar resolution of A and M is a kG-projective module.
It is easy to see that the composition of edge maps 
Multiplication on the zero page
Let now M be an AG-algebra. Let P and Q be as in the previous section. Assume additionally that we have some comultiplication ∆ P on P , which is a morphism of A e G-modules, and some comultiplication ∆ Q on Q. It always exists, because Q is a kG-projective resolution. Let
be defined by the equality ψ(
It is easy to see that ψ is an isomorphism of A e G-complexes. Let us define ∆ P ⊗Q = ψ(∆ P ⊗ ∆ Q ). Then ∆ P ⊗Q is a comultiplication on P ⊗ Q, which is a morphism of A e G-complexes. Thus, we can define the multiplication ⌣ ∆ P ⊗Q on the complex Hom A e G (P ⊗ Q, M). Since P ⊗ Q is A e G-projective, we can describe the multiplication ⌣ on the Hochschild cohomology of AG describing the multiplication induced by ⌣ ∆ P ⊗Q on HH * (A, M) G↑ P ⊗Q accordingly to Lemma 6.1. On the other hand ∆ P ⊗Q induces an A e G-homomorphism from B to B ⊗ A B, which respects the Z × Z-grading and both differentials of B. So ⌣ ∆ P ⊗Q induces a map
which respects the Z × Z-grading and the both differentials of Hom A e G (B, M). Such a map induces maps ⌣ (P, M) ) the multiplication ⌣ B is simply the multiplication ⌣ ∆ Q on the complex Hom kG (Q, L), where L is the kG-module algebra Hom A e (P, M) with the multiplication ⌣ ∆ P . If ∆ P and ∆ Q are coassociative, then ⌣ ∆ P , ⌣ ∆ Q and ⌣ B are associative, but in general all of this multiplications may be nonassociative. On the other hand, the multiplication induced by ⌣ B on I E 2 is the multiplication ⌣ on the complex H * (G,L), whereL is the kG-module algebra HH * (A, M) with the multiplication ⌣. So ⌣ B always induces an associative multiplication on I E 2 .
Remark 8.1. Let P ′ be some A e G-projective resolution of A and Q ′ be some kG-projective resolution of k. Let I E ′ and II E ′ be the spectral sequences constructed using P ′ and Q ′ . There are a homomorphism of A e G-complexes Φ : P ′ → P lifting Id A and a homomorphism of kGcomplexes Ψ :
It is easy to see that the map I Υ 2 is an isomorphism of algebras (for any choice of ∆ P ′ and ∆ Q ′ ). So the map I Υ r is an isomorphism of algebras for any r 2 (see [14, Theorem 3.4] ). This means that beginning from the second page the sequence I E does not depend on the choice of P and Q.
Example 3. Let us take P = Bar(A), ∆ P = ∆, Q = Bar(k) and ∆ Q = ∆ (see the definitions in Sections 2 and 3). Then
Finally, the map ⌣ B is defined by the equality (f ⊗û) ⌣ B (g ⊗v) = (−1)
For a finite subgroup H of G such that char k ∤ |H| we define e H = α∈H α |H| . If H G, then e H is a central idempotent and the subalgebra (kG)e H is isomorphic to k(G/H). Moreover, if (Q, µ Q ) is a projective kG-resolution of k, then (e H Q, µ Q | e H Q 0 ) is a projective kG-resolution of k too. Assume that Q = e H Q initially. Then Q is a k(G/H)-resolution and we have
Example 4. In this example we take P = Bar(A) and ∆ P = ∆ again. Assume that char k = p, where p is some prime. Let q be a power of p and C q be a cyclic group of order q. Let G be an extension of C q by a finite group H, whose order is not divisible by p, i.e. H G and G/H ∼ = C q . Let ρ be a generator of C q . Let us denote by N the element
Let us define a kG-projective resolution (Q, α∈G p α | (kG)e H ) of k. We define Q n = (kG)e H for all n 0. Given some x ∈ (kG)e H , we write x[n] for the corresponding element of Q n . Then the differential d Q is defined by the equality
Accordingly to (8.1) we have Hom
Let now define the map ∆ Q : Q → Q ⊗ Q by the equalities
for n 0. Then the map ⌣ B is defined by the equality
)
In particular, (R, S)-degenerated spectral sequence collapses at the max(R, S) page.
Let G be a finite group and M be an A e G-module algebra. In this section we consider the following question. Do integers R and S such that I E is (R, S)-degenerated exist? Let us formulate an enough condition for (R, S)-degenerating of I E. We call the family of
for any i S 0 and any simple kG-module L. Since there are only finitely many simple kGmodules, then by the Golod-Venkov-Evens theorem there is a finite S 0 -generating system for some integer S 0 .
Theorem 9.1. Letû t ∈ H it (G, k) (1 t s) be an S 0 -generating system for H * (G, k). Assume that R 2 is some integer. Then 1. if the sequence I E is (R, S)-degenerated, then the class ofû
2. if the integers k t (1 t s) are such that the class ofû
Proof. The first assertion is obvious. We write simplyû t instead ofû t ⌣ 1 H * (G,HH * (A,M )) . Let us prove that
T t : Q → U. Let us take some i S 0 . Let J be the Jacobson radical of kG and π i : Q i → Q i /JQ i be the canonical projection. Since Q is a minimal resolution of k, the map π i defines a cocycleπ i ∈ H(G, Q i /JQ i ). Since
Hence, there are somev
Let noww be an element of
R , where i S 0 . Then there is some element w ∈ Hom kG (Q i , Hom A e (P j , M)) that representsw. We have 
is generated by elements whose degrees are less or equal than S 0 , where S 0 is a minimal integer such that HH * (G, k) is an S 0 -generating system. Corollary 9.3. Let R 2 be some integer. If Q s is periodic with period n, then
for some m, whereû is an element of H n (G, k) represented by the map µ Q : Q n → k. If m is the minimal integer satisfying the required equality, then the minimal S such that I E is (R, S)-degenerated is more than (m − 1)n and less or equal than mn.
Proof. It is easy to see thatû is an n-generating system. So everything follows from Theorem 9.1. From this moment to the end of the paper we assume that char k = p and G is a group from Example 4. This means that there is a finite normal subgroup H of G such that p ∤ |H| and G/H ∼ = C q , where q is a power of p. As in Example 4 we denote by ρ the generator of C q .
ρ . In this section we formulate and prove some properties of I E, which follow from the results of previous sections.
Proposition 10.1. Let A be a kG-module algebra, M be an A e G-module algebra. Then the following statements are true: Proof. 1. We may assume that the sequence I E is constructed using P and Q from Example 4. Also we use the notation introduced there. There is some integer k such that the image of H 2k (C q , M AH ) in
is zero. In particular, the class of
is zero. Let us prove that for any 0 i 2k there is such
i+1 is zero. We can take u 2k = 0. Suppose that we have constructed u i+1 . Then there is someh i ∈ I E 2k−i−1,i i+1 satisfying the equality 
for any n 0. Moreover, if M is additionally an A e G-module algebra, then the following conditions are equivalent:
Proof. Let (P, µ P ) be an A e G-projective resolution of A. Let us introduce some notation for this proof. Let C n and δ n denote Hom A e (P n , M) and d Hom(A e ,P ),−1−n correspondingly. Note that C n is a kG-projective module. Let Z n = Ker δ n ⊂ C n and B n = Im δ n ⊂ C n+1 . During this proof we write simply HH n instead of HH n (A, M). Note also that for any kC qmodule L and any n 1 the equality dim k H n (C q , L) = dim k H 1 (C q , L) holds, since both parts of the equality equal 0 for projective indecomposible L and equal 1 for nonprojective indecomposible L. So
for any kG-module L and any n 1. We have the following two exact sequences of kG-modules:
From the second of them we obtain the long exact sequence
From the first sequence from (10.1) we obtaint an exact sequence
and an isomorphism H 1 (G, B n−1 ) ∼ = H 2 (G, Z n−1 ). Therefore, we obtain from (10.2) that
On the other hand it follows from (10.3) that
We know from Lemma 6.1 that
Let now prove the second part of the theorem. Note that the implication "2 ⇒ 3" is obvious.
"1 ⇒ 2." For any n 2 we have two exact sequences:
and 14 The case of a Hopf-Galois covering
In this section we consider the case where A is a kG-covering of some algebra B, i.e. there is some G-graded algebra B such that A = BG * (see Example 2) . The G-action on such A is defined in Section 5. It is clear that A ∼ = (kG) dim k B as kG-module. In particular, we have 1 A = ∆ 1 , x 0 y 0 , y 1 x 0 , x 1 y 1 , y 0 x 1 . The G-action on A is defined by the equalities ρ(x i ) = x i+1 , ρ(y i ) = y i+1 , ρ(e i ) = e i+1 (i ∈ Z 2 ), where e i is an idempotent corresponding to a vertex i of the quiver Q. Then we can take m = e 0 and it is easy to check that ∆ ρ h = φ e 0 for any h ∈ Der(A, A) H .
Nonetheless, there is a case in which the algebra A = BG * is (m, h)-degenerated. We say that a G-grading on B is C q -singular if B α B β = 0 for α, β ∈ G, α, β ∈ H. Lemma 14.1. Assume that the G-grading on B is C q -singular. Then the algebra A = BG * is an (m, h)-degenerated A e G-module algebra. Moreover, the map h ∈ Der(A, A) H can be choosen in such a way that h ⌣ h = 0 in C 2 (A, A).
Proof. Let us take m = α∈H p α and h(ap ρ j β ) = ap ρ j β , if i < j, 0, otherwise (a ∈ B ρ i α , 0 i, j q − 1, α, β ∈ H).
Direct calculations show that h ∈ Der(A, A) H and the equalities (∆ ρ h)(ap α ) = map α −ap α m and h(ap α )h(bp β ) = 0 are true for all a, b ∈ B and α, β ∈ G.
Since the algebras HH * (B), HH * (A) and HH * (A, AG) G are graded commutative we have the following corollaries.
In particular, if char k ∤ n, then HH * (R n ) ∼ = HH * (T R) 0 . If char k = p, q is a positive power of p and n = qs, where p ∤ s, then we have an exact sequence of groups C s C n ։ C q and so the results of this paper can be applied to this case. In view of (14.1) our formulas are simplified and we obtain the following theorem. Theorem 14.4. Let R be a finite dimensional k-algebra and n 1 be some integer such that char k | n. Then there is a graded algebra A n such that HH * (R n ) is a trivial singular extension of A n by A n [−1] and HH * (T R) 0 is some singular extension of A n by A n [−1]. In other words,
and there is an exact sequence of A n -modules
which becomes an exact sequence of algebras if we equip A n [−1] with zero multiplication.
